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THE 2D WAVE EQUATION 



SIGMUND SELBERG 



Abstract. We study bilinear Fourier restriction estimates which are re- 
lated to the 2d wave equation in the sense that we restrict to subsets of thick- 
ened null cones. In an earlier paper we studied the corresponding 3d problem, 
obtaining several refinements of the Klainerman-Machedon type estimates. 
The latter are bilinear generalizations of the estimate of Strichartz for the 
3d wave equation. In 2d there is no L'^ estimate for solutions of the wave equa- 
tion, but as we show here, one can nevertheless obtain L-^ bilinear estimates for 
thickened null cones, which can be viewed as analogues of the 3d Klainerman- 
Machedon type estimates. We then prove a number of refinements of these 
estimates, analogous to those we obtained earlier in 3d. The main application 
we have in mind is the Maxwell-Dirac system. 



1. Introduction 

We are interested in bilinear Fourier restriction estimates on R^+^ of the form 



(1) \\Pao{Pa^ui-Pa,u2)\\ <C\\PaM\\\Pa,u2\\ Vui,u2 e S{M.^+^), 



for given measurable sets Ao,Ai,A2 C R-'^^^. Here ||-|| is the norm on L'^{M.^^'^) 
and the multiplier is defined by Pau — Xau, where xa is the characteristic 
function of A and 



is the Fourier transform on M^+^. More specifically we are interested in estimates 
related to the 2d wave equation 



in the sense that Ai and A2 (and possible also Aq) are thickened subsets of the null 
cone K = {(t, ^) € : |r| — |^|} (the characteristic set of □). We introduce the 
following notation for thickened upper (r > 0) and lower (r < 0) cones, truncated 
in the spatial frequency f by balls, annuli and angular sectors; 



^iL-{(^,OeR'+': \^\<N, r-±|e|+0(L)}, 



where N, > 0, w G §^ (the unit circle) and 9{a,b) denotes the angle between 
nonzero a,b G K^. We use the shorthand X <Y ioi X < CY, where C ^ 1 is some 
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absolute constant; X — 0{R) is short io^ \X\ < R] X ^ Y means X <Y < X] 
X < y stands for X < C~^Y . 

In the paper |Sel08| we studied the corresponding problem on R^+'^j obtaining 
several refinements of the well-known Klainerman-Machedon type estimates (see 
|KM93[ IKM961 IFKOO] ). which are bilinear generalizations of the estimate of 
Strichartz }Str77] for the 3d wave equation. All these estimates have an equiva- 
lent statement as Fourier restriction estimates for thickened cones. For example, 
Strichartz' estimate can be formulated as (in this paragraph all norms are taken on 
instead of 



< ^1/2^1/2 ii^ll Vwe5(Ri+3), 



and the Klainerman-Machedon type estimates generalize this to 



\(.\<No 



K 



U2 



< 



{N^YnKlML2f'\\M\\u2 



for all ui,U2 G 5(R + ). Here A'^;^ stands for the minimum of Nj for j = 0, 1, 2, 
and similarly for A^^^^^. The corresponding estimates for solutions of the wave 
equation appear when one sends the L's to zero, the key point being that all the 
L's in the right hand sides are to the power 1/2. 

Our aim here is to prove analogous results in 2d. At first glance this may seem not 
to make sense, since there is no estimate for solutions of the 2d wave equation. 
However, one can still prove estimates for thickened cones, although they will not 
correspond to estimates for solutions of the wave equation. For example, we show 
that 



< Af3/«L3/8||y|| v«e5(Ri+2), 



and more generally. 



(2) 



±1 



Ul-P^±2 U2 



< 



^°^f.M„)^/^ii?i„&)^/^ ll^^l||||"2 



1/2 



for all Ml, M2 G iS(R^+'^). Since the mean of the powers of the L's in the right hand 
side is 3/8, which is smaller than 1/2, we do not obtain any estimate for solutions 
of the 2d wave equation by letting the L's tend to zero. This is not a problem, 
however, since the application we have in mind is regularity theory for nonlinear 
wave equations (specifically the Maxwell-Dirac system) , where one needs estimates 
for the nonlinear terms in AT""'' spaces adapted to the null cone, the building blocks 
of which are estimates like ©. 

The wave-adapted X^''' spaces arise naturally if one considers the problem of 
applying a dispersive estimate for free waves to a nonlinear wave equation, the idea 
being to express the iterates of the nonlinear problem as a kind of superposition of 
free waves by foliating the Fourier space using translates of cones. Because of this, 
the traditional way of deriving estimates for the nonlinear terms in AT"''' spaces has 
been to start from a dispersive estimate for free waves and then derive the A"^^*" 
estimates from it by the foliation procedure (see e.g. the survey |KS02j V But in 
this way one would never obtain ([2]), of course, since it simply does not correspond 
to any free wave estimate. To prove ([2|) (and its various refinements stated in the 
next section) we use a direct approach based on the Cauchy-Schwarz inequality to 
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reduce to estimating the 1 + 2-diniensional volume of the intersection of various 
subsets of thickened cones, often combined with additional angular decompositions 
and various orthogonality arguments. This approach to proving multilinear X^^*" 
estimates in general was studied in detail in [TaoOlj . and we shall we use many of 
the techniques developed there. 

It should be remarked that although there is no estimate for solutions of 
the 2d wave equation, one can nevertheless obtain bilinear estimates for such 
solutions by replacing the product uiU2 with a null form; see [KM96] . We prove 
some refined null form estimates in the next section. 

We shall need the following two elementary lemmas, more general versions of 
which can be found in |Tao01| . Proofs of the lemmas as stated here can be found 
in |Sel08| . We denote by \E\ the volume of a set i? C E^+^ (resp. the area of a 
set i? C or the length of an interval E CR). We shall write X = (r, ^) for the 
space-time Fourier variable. 

Lemma 1.1. The estimate |T]) holds with equal to an absolute constant times 
min ( sup \AlC^{X - A2)\, sup \Aq {X ^ Ai)\ , sup n (X + ^2)! ) , 

\XeAo X<^A2 XeAi / 

provided that this quantity is finite. 

In fact, under certain hypotheses on Aq one can take the intersection of translates 
of all three sets at once. We say that ^0 is an approximate tiling set if, for some 
lattice E C M^+^, the family of translates X + Aq with X e E is & cover of R^+^ 
with 0(1) overlap, in the sense that there exists M e N such that for any X G E, 
there are at most M vectors X' G E such that X' + Aq and X + Aq intersect. But 
since E is a, lattice, this is equivalent to saying that {X E E : {X + Aq) Aq 9} 
has cardinality at most Af . Further, defining the doubling Aq = Aq + Aq, we say 
that Aq has the doubling property if the cover {X + ^*}x&e ^^^'^ ^(1) overlap. 

Lemma 1.2. Suppose Aq is an approximate tiling set with the doubling property. 
Then ([T]) holds with 

c^- sup \Ai n {X - A2) n {X' + Aq)\, 

xeAo, X'eE 

provided that this quantity is finite. 

Before presenting our main results we introduce some notation and terminology 
Note the convolution formula 

(3) ClI^(Xo) ~ J MXi)€iiX2) SiXo -Xi- X2) dXi dX2, 

where Xj = {Tj,£^j) g R^+^, j — 0,1,2. Here Xq = Xi + X2, so in particular 
Co = C1+C2, hence |Cj| < \^k\ + \£,i\ for all permutations (j, k, I) of (0, 1, 2). Therefore, 
one of the following must hold: 

(4a) ICo|«|6I^IC2| ("low output"), 

(4b) iCol ^ maxdCil , 161) ("high output"). 

The integration in ([3]) may be restricted to ^11^2 7^ 0, hence the angle 612 = 
6'(±iCi, ±2^2) is well-defined. Given signs ±j, we define also ()j = —tj ±j 
which we call the hyperbolic weights, whereas the \^j\ are called elliptic weights. 
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2. Main results 
The estimate ([2]) is contained (let Lq — oo) in the following result. 
Theorem 2.1. The estimate 

(5) 

holds with 



Ui ■ P^±2 W2 



iV2,-L2 



<^^lkl||||"2|| 



(6) 
(7) 
(8) 



c. 

C ' 



012 r 12 \l/2 
min mill/ 

012 7- Oj \l/2 



-12 \l/4 



V-"min-^min 



V mill max/ 



1/4 



(J = l,2), 



012\2 7-012 \l/2 
min/ mill/ ' 



regardless of the choice of signs ±j 



Here (|5]) is immediate from Lemma ll.ll and ([7]) follows from ([5]) by symmetry, so 
the key estimate that needs to be proved is ([5]) [or equivalently ([2])]. For its proof, 
given in section [3l we rely in part on the following elementary estimate for the area 
of intersection of two thickened circles. Writing Sj-(r) = e : |CI = ^ + 0{S)}, 
we have (this is proved in section [7|): 

Lemma 2.1. Let < S r and < A < i?. Then for any e \ {0}, 



|sKr)n[eo + §X(i?)]| 



< 



rRSA 



min((5, A) 



1/2 



Due to the factor (N^-^)-'^/'^ in ([6l), it suffices (see section[3]) to prove the estimate 
with the balls replaced by annuli, i.e. with K^^, ^, replaced by K^^. ^. for j = 0, 1, 2. 
We now present various modifications and refinements of the estimates in Theorem 
12.11 and keep using annuli instead of balls (at certain points in the proofs, this is 
essential), assuming throughout that ui,U2 G i^(R^+'^) satisfy Uj C K^^, ^ 

The common thread in the following results is the question: To what extent 
do additional Fourier restrictions lead to improvements in the estimates? All the 
results that follow are analogues of estimates in 3d proved in [SelOSj . 



2.1. An anisotropic estimate. Note that ^ implies, assuming uj C Kj^^. 



1/2 



Restricting the spatial output frequency to a ball £? C of radius r <^ N^^^ 
and arbitrary center, the estimate improves to 

1/2 



||Pmxb(ui«2)|| < [r{N^]J'/\L,L2r/'\ \\u,\\ Wu^W . 

This follows immediately from the following much more powerful anisotropic esti- 
mate. 

Theorem 2.2. Let lo E , and let L (Z M. be a compact interval. Assume ui is 
supported outside an angular neighborhood of the orthogonal complement ut^ ofui: 

suppuT C {(r, ^) : 0(^, cj^) > a} for some < a <C 1. 
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Assuming also Uj C K^^. . for j ~ 1, 2, we then have 



i/|(iv;3.,)"^(L,z,,)'"l"V,|iii„,ii 



|lP5o-^G/(wiU2)|| < 

where \I\ is the length of I . 

The proof can be found in section [SJ We remark that, since the position of / is 
arbitrary, P^.^^g/ can equivalently be placed in front of either ui or U2, as can be 
seen by a standard tihng argument. 

2.2. Null form estimates. Next we discuss estimates where the product uiU2 is 
replaced by the bilinear null form ^Be^^ M2), defined on the Fourier transform 
side by inserting the angle 9i2 = 0(±i^i,±2^2) in the integral in ([3]). This angle 
improves matters when we are close to the null interaction in ([3]), i.e. when Xi, X2 
and Xq ~ Xi + X2 are all approximately on the null cone. This improvement is 
quantified by the following rather standard lemma (a proof of the version formulated 
here can be found in ISelOS] ): 

Lemma 2.2. Assume that Xq = Xi + X2, where Xj — {rj^j) with 7^ for 
j — 0, 1, 2, and set l}j = —Tj ±j Then for all choices of signs ±j, 



max(|[)o|,|()i|,|[)2|)>niin(|ei|,|6l 



'12- 



Moreover, i/±o is chosen so that |f)o| = ||to| — |Co||, o,nd «/ |f)i| , |f)2| ^ |f)o|i then 

( mindCiM^ 



niin(|ei|,l6l)e?2 */±i = ±2, 



16 



01 



For example, combining the first part of the lemma with Theorem 12.11 we im- 
mediately obtain the following null form estimate, assuming Uj C K^^. ^ . : 

P^±o »fl,,K,W2) < koL^?„(i°Max)'/'l'^'|l"l|lll"2||. 

'^Ng.Lo L J 

The key point in the next result is that we are able to exploit concentration of 
the Fourier supports along null rays, due to the null form; for a standard prod- 
uct such concentrations do not give any improvement, since in the worst case the 
thickened cones already intersect along a null ray (approximately, assuming Li, L2 
small relative to Ni,N2). 

Theorem 2.3. Given r > and w e let Tricu) C be the strip of width r 
centered on Mcj. Then, assuming ui,U2 satisfy Uj C K^^. j^., 

II II 1/2 

||*Bei2(PRxT,(^)Ui,M2)|| < {rLiL2) ||w2|| ■ 

The proof is given in section [5] 

2.3. Concentration/nonconcentration null form estimate. It is natural to 
ask whether there is any improvement in Theorem 12.31 if we restrict the output 
^0 to a ball Z? C of radius i5 and arbitrary center. Inserting Pmxs in front of 
the null form we obviously get an improvement if (S < r, since then we can apply 
Theorem ??. So let us assume 5 ^ r. Then Fourier restriction to B will have no 
effect in directions perpendicular to w, so we may as well replace Prxs by P^g.^jg/^, 
where Jq C K is a compact interval of length |7o| = 5. In this situation we have the 
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following result, where we limit attention to interactions with 9i2 ^ 1; we denote 
this modified null form by *Bej2<i. 

Theorem 2.4. Let r > 0, a; e §^ and /o C M a compact interval. Assume that 



ui, U2 satisfy Uj C if^^ and that r ^ ^niin- Then 

||P?o-"e/o*Sei2<i(PRxT,(tj)Wi,U2)|| < {rLiL2f'^ ^sup ||P{i.^g/,ui||^ jjusll , 

where the supremum is over all translates Ii of Iq . 

The proof is given in section [Sj The main point is that we get an improvement 
over Theorem 12.31 bv concentrating the output in a strip S,a ■ Iq, provided that 
the Fourier support of ui is not concentrated in a translated strip - w e /i, but is 
more spread out. Because of this, we call it a concentration/nonconcentration null 
form estimate. 

2.4. Nonconcentration low output estimate. In the case iVo <C A^i ^ N2 (low 
output). Theorem 12.11 implies . assuming Uj C K^^. 

P^±o K«2) <\NoNl^'L°^?M!^y^'f'hi\\\\u2\\. 

"jVo.-Lo L J 

In general this is optimal, as can be seen by testing it on functions which concentrate 
along a null ray in Fourier space, but one may hope to do better if the Fourier 
supports are less concentrated. To detect radial nonconcentration we introduce a 
modified norm as follows. Let 

17(7) C (0 < 7 < tt) 

be a maximal 7-separated subset of the unit circle Since the cardinality of 1^(7) 
is comparable to I/7, we see that for all A^, r > 0, 

||P|5|-iV"|| < MlNr = ~ ||P|e|-JvPT,(c^)w|| , 

V ^ / wesi 

and the less radial concentration we have in the spatial Fourier support, the closer 
the two norms are to being comparable. In the extreme case of circular symmetry 
in ^, we have ||m|| - ||P|j|^^,m||^^^. 
We then have the following result. 

Theorem 2.5. Assume iVo <C iVi ^ N2, and define r = (A^oimax)^^^- Assume 
that ui,U2 e L^(M^+'^) satisfy Uj C K%'. i^. . Then 

P^±o {u,U2) <(iVoLEJii(LOi2^L°i2jV2y/'^^ 

In other words, 

1 /2 

P^±o {U1U2) < W'A^limii(Cod)'/') ll^^lll sup ||P«>,T.M^^2||. 

We omit the proof, since it is just a repetition of the proof of the analogous 3d 
result, given in |Sel08| . up to some obvious modifications. Specifically, one must 
use Theorem 12. II instead of its 3d counterpart |Sel08[ Theorem 1.1], and one must 
replace |Sel081 Lemma 2.2] by its 2d analogue, which we now state. Writing 

Hd{Lo) = {(r, C) e : |-T + e • cj| < d} (d > 0, w £ S^) 
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for a thickening of the nuh hyperplane — t + £^ ■ uj — 0, we have: 
Lemma 2.3. Suppose N,d,j > 0. Then 

E ^^^4-) < 1 + f ^ ) !or all (r, G M1+' mi/i 1^1 ^ A^- 



wGr2(7) 



Proof. The left side equals ^{lj E ^il) ■ ^ G ^} where A is the set of w G §^ such 
that |~r + ^ • cjI < rf, for given t, ^ with |<^| ^ iV. Without loss of generality assume 
C=(|CI,0). Then 

A C A' ^ 1^ = (c.\ e §1 : = ^ + O (^1) I . 

Thus, A' is the intersection of and a thickened line with thickness comparable 
to d/N, so 

7 

But length(A') < (d/N)^/'^, and the proof is complete. □ 

In preparation for the proofs of the above theorems we recall a few basic facts 
concerning decomposition of the spatial frequencies in a product into angular sec- 
tors. For 7 e (0, tt] and a; e §^ we define 

Recall that ^2(7) denotes a maximal 7-separated subset of Thus, 

(9) 1< E Xr,M(C)<5 (Ve^O), 

wGO(7) 

where the left inequality holds by the maximality of r2(7), and the right inequality 
by the 7-separation, since the latter clearly implies 

(10) e r2(7) : e'(w',a;) < /c7} < 2fc + 1 
for any k E N and ui G ^^(7). We shall write 

Then by 

(11) 11^.11'- E hi'ir 

wGn(7) 

hence 

(12) E ii^rNiii«rii<ii"iiih2ii, 

iiii,Ci;2Sn(7) 
6'(ciJi,W2)<7 

where we applied the Cauchy-Schwarz inequality and used (llOp and (jlip . 
Next we note the following Whitney decomposition over angular variables. 



Lemma 2.4. We h 



ave 



1 E E Xr^(c^i)(6)Xr.,(c^2)(6): 

o<7<i i.Ji,cj2en(7) 

7 dyadic 37<e(LJi,a;2)<127 

for all a, 6 e \ {0} with 6l(Ci,6) > 0. 
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We omit the straightforward proof. The condition 9(uji,uj2) > 87 imphes that 
the minimum angle between vectors in Tj(uji) and Tj(uj2) is greater than or equal 
to 7, so the sectors are well-separated. If separation is not needed, the following 
variation may be preferable (again, we skip the easy proof): 

Lemma 2.5. For any < 7 < 1 and k E N, 

i/;i,a;2er2(7) 
0(LJi,a;2)<(fe+2)7 

for all a,6 e M2\{0}. 

3. Proof of the fundamental 2d estimate 

Here we prove ([2]). We remark that for the weaker estimate where the L-weights 
in the right hand side are symmetrized [i.e. we replace L^^^{L^g^^y^'^ by (LiL2)'^^'*], 
the proof would just be a repetition of the proof of the 3d counterpart |Sel08[ 
Theorem 1.1], but using Lemma [2T] instead of its 3d analogue. To get ([2]) with the 
asymmetric L-weights, on the other hand, we need to work a little harder. 

As remarked already, we may replace the K^', j^, by K^'. j^. . Indeed, if we can 
prove the latter case, then decomposing the balls < Nj into annuli ~ Mj 
for dyadic < Mj < Nj, it is easy to recover the former case by summing, using 
also the fact that the two largest of the Mj are comparable. So we shall assume 
supp% C K^^, j^, in ([2]). We may also assume L^ax ^ -^min' otherwise ^ 
is already better than ([2]). Recalling we split into the cases iVp ^ A^i ~ N2 
(LHH), iVi < iVo - N2 (HLH) and N2 < Nq Ni (HHL), but by symmetry it 
suffices to consider LHH and HLH. 

3.1. The HLH case: Ni < No ^ N2. By Lemma Tl. II we reduce to proving that, 
for any (ro,Co) e with |,^o| ^ Nq, the set 

verifies \E\ < N^^^ Ll^i^{Ll^^^)^/'^ . Denote the slices r = const by E{t), and set 
J = {r G M: E{t) ^ 0}, so by Fubini's theorem, \E\ < \ J\ ■ sup^^j \E{t)\. But 

i?c{(T,0eRi+2: lei^A^i, T = ±i|e|+0(ii), 

1^0 -^\-N2,To-T = ±2 iCo - + 0(L2)}, 

so recalling Lj^^^^ ^ A^i < iVo ^ iV2 we see that 

i?(r) C§L,(|r|)n[eo + SL2(ko-T|)] 

if \t\ ^ Ni, and otherwise E{t) is empty. Hence | J| ^ Ni, and by Lemma \2A\ 

^ T-j ^1 i^rainj ^max> 

hence \E\ < | J| • sup.g^ \E{t)\ < N, [N^ {L^S ^maj as needed. 
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3.2. The LHH case: A^'o ^ A^i ^ A^2- We may assume Li < L2 by symmetry, 
and moreover L2 ^ Nq/Ni, since otherwise (jS]) is better than ([6]). So now 

Li < L2 -r^ <^ No <^ Ni N2. 
iVi 

The output ^0 being restricted to a ball Bq = € : |CI ^0}, we may, by 
a standard tiling argument, restrict the spatial Fourier supports of ui and U2 to 
translates Ci + Bq and + ^0, where £,[,^'2 ^ satisfy |C1 +^2! < ^0 and 
1^1 1 ^ 1^2! ^ ^1; and then we have to prove 

\\u,U2\\ < (NoL.f (iViL2)'/'hi|l 1^211 . 
Writing 012 = ^(±1^1, ±2^2), we split into the cases 012 < 70 and 0i2 ^ 70, where 

is the critical angle which makes an angular sector of the ?l2-support essentially 
flat (the condition being Afi7o ~ ^2)- Assuming without loss of generality that 
ui,U2 > 0, we then have, by Lemmas 12.41 and 12.51 

(Ji,aj2GO(7o) 

+ 51 X37<e(<^i,c^2)<i27 ll^i''^'^2''^1l =: + ^2, 

70<7<ltJi,!.J2ef2(7) 

where 7 is understood to be dyadic. 

The volume of the support of TuJ"''^' is 0(iVoA^i7oii) ^ 0{No^/Nj^Li), so 
Lemma 11.11 gives 

11^70,-1^70,-2 II < (Ar„7:^)i/2 (7ViL2)'/^ IW"'"'!! , 

hence 

i^i,W2Gf2(7o) 

SO applying (IT2t we get the desired estimate. 

Now consider S2- Since the sectors r-y(cji) and r^(aj2) are separated by an angle 
comparable to 7, we get from Lemma [1.1 1 fsee the next subsection for the details) 
that 



(13) \\ur'um\ < (^0^) 



1/2 



hence 



LiL2^ ^ 



70<7<1 -1,-26^(7) 
1/2 



,7,-1 II |L,7,-2 I 



< (^0^) hill ||^i2|| ^ (NoLif' {N^L2f'' \\u4 \\U2\\ , 



where we used ((12]) and Y.-ya<i<i T "^o 
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3.3. Proof of (fT3|). By Lemma [LD we reduce to proving that \E\ < N0L1L2/J 
miiformly in (ro,^o) G ]R-'^+^, where 

(14) E = {iT,^):^eR, T-±i|e| + 0(Li), tq - r = ±2 |Co - ^1 + 0(^2)} 
and 

R={^eR': ±i^eT,{uji), ±2(^o-e)er^(c.2), IC~Cil<^o}. 

Integrating first in the r-direction, we get by Fubini's theorem: 

(15) \E\ < Ll^,^\{i e R: f{0=ro + 0{LZj}\, 
where 

(16) /(e) = ±iici±2i^-Coi. 

Then V/(^) = ei — 62, where 

(17) ei = ±1 , 62 = ±2 



icr ico-ci 

satisfy 9{ei,uji) < 7 and 6{e2,oj2) < 7 for ^ e i?. Choosing coordinates ^ = (C^,^^) 
so that ^^5^ = (1, 0) we have, for all ^ e R, 

cos0(ei, wi) + cos0(e2,W2) — cos0(ei,a;2) — cos6{e2,uJi) 



\UJ1 - UJ2\ 



2 COS 7 — 2 cos 27 7^ 

~ \uJi - UJ2\ ~ 1^1 - t^2| 

where we used the assumption 0{uji,uj2) > 37, which implies 6'(ei,W2) > 27, 
9{e2,i-Oi) > 27 and \uji ~ uj2\ ^ 7- Thus, integrating next in the x-direction, 

\E\ < L'lJ^ I : - H ^ A^o} I < L]l,J^No 
as desired, where b denotes the second coordinate of f^. 

4. Proof of the anisotropic estimate 

Here we prove Theorem l2.2l By tiling and duality it suffices to prove, given any 
5 > Q and intervals /i,/2 C M with = I/2I = (5, that 

'5{N'^^n)"\L,L2f"'"' 



(18) I I u^u[^u{^ dtdx< 



luoll II 11^2^ II , 



where = P^..^^i^Uj and we may assume uj > for j — 0,1,2. Splitting the 
support of Ml into two symmetric parts, and replacing a by 2a, we may assume 

supp C Ao = { (r, : 0{±i^, w) < | - 2a} . 

Next, split the support oiu2 into three parts, by intersecting with 

A2 = {(r,0:^(±2C,w)<|-«}, 
Correspondingly we split the proof into three cases. 
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4.1. The case suppuj C Ai. By Lemma 1 1.1 1 we reduce to proving the volume 
bound \E\ < a-^S{N^^J^/^{LiL2)^/^ uniformly in (to,^o) G where 

E = {{t, ^):^.ojeh}n k^i^^ nAoD [(to, Co) - n kp^^^^ 

This is of the form (HH) with 

i?c{e: ICI^A^i, 1^0 -CI ^^2, ^^e/l, 0(ei,t^^) >2a, ^(e2, c^^) < a}, 

where ei,e2 are defined as in ([T7|) . So now ([T5|) holds, with / as in ([T6|) . Choose 
coordinates = ('^^,'?^) so that cj = (1,0). Then for all ^ G i?, recalling that 
V/(i^) = ei — 62, we have 

\d2f{S,)\ — coa6{e2,oj'^) — cos9{ei,uj-^) > cosa — cos2q; ~ a^, 

so integrating next in the ^^-dircction we get 

rl2 rl2 
1^1 < ^min^ I : C^ e /l} I < Lll.^ S, 

proving the desired estimate if a ^ 70 , where 

70 = 



r 12 

max 

mm 



If a < 70, we use IS I < SN^-^Ll^-^^, which holds since |i?| < (57V,1?., 



4.2. The case suppw2 C A2. By Lemma \2M 



7 1^1 ,'^2 

where < 7 < 1 is dyadic and a;i,W2 G ^^(7) satisfy 87 < 0(^1,012) < I27. 
Depending on whether 7 > 70 or < 7 < 70 we then use, respectively, 

(19) |L(i'T'"^M^^n,-2|| < /^^^lil2\ ^ II /2;7,-2|| 

\ J 

/■ XKri'2 ^7-12 \ 1/2 

-fi;7."2 -f2;7i"2|| ^ / "-''inin /^min \ 1 1 7i ;7,tJi 1 1 1 1 /2 ;7,(iJ2 1 1 



(20) IK'^' '"2 II ^ ( — """^ """ ) IK''^'"' 1111^2 



and summing wi , 0^2 as in ((T2|) , we then obtain (|18p . This concludes the case 
suppu2 ^ A2, up to the claimed estimates ([T5)) and (PO)) . which we now prove. 
We reduce ^ to \E\ < SLiL2/i-/a) for £; as in with 

i^={e:^we/l, ^(61,62) >7,e(ei,^) < f?(e2,c<.) < | - a}. 

Choosing coordinates so that uj = (1, 0) we then have, for all £, E R, 

||92/(0I = |cos6'(ei,aj^) — cos6'(e2,(^^)| > cosa — cos(q; + 7) ^ ja. 
Integrating next in the ^^-direction, we therefore get 

\E\<Li^,^^\{e:eeh}\<^s 

as desired. 

For (pUj) we need, assuming iVi < A'^2 by symmetry, \E\ < SNijL^^-^/a with 
i?={C: ICI^iVi, ^we/l, 0(ei,L.i)<7, 0(ei,cj^)>a}. 



12 



SIGMUND SELBERG 



Since \E\ < L}^^^ \R\, it suffices to show \R\ < SNij/a, but this is easy; we omit 
the details. 

4.3. The case suppuj C A3. Assume |^i| < |^2| by symmetry, hence iVi < iV2. In 
fact we may assume A^i ^ N2, since if A^i ~ A'2 we can apply the bilinear trick 

II ^1 ^2|| ^ II IlW II /2II II II /ll|l/2|| I2 /2III/2 

IFi "2 II < |Pi IL-iIra IIl4 = Iri "1 II IlW II 

to effectively reduce to the case supp C A2 . 
We need |£;| < a-'^S{N^J^^'^{LiL2)^^'^ with 



R 



|e|--A^i, \C0-i\-N2, ^c^e/l, 0(61,62) > 2a}. 



Since Ni <^ N2, we must have |^o| ~ -^2 (otherwise R would be empty). Choose 
coordinates so that uj — (1, 0). Then dif{^) > a for f G i?, so using ([T5l) we get 

(21) \E\<Ll^,^mm(s,^) k„45 n G /})| , 



where 

S = {C: lei < N,, 0,2 > 2a, /(O - to + 0{lZ.)} ■ 

Here we write 612 ~ 0{ei, 62), tt^^ denotes the orthogonal projection onto oj-^, and 
/ is given by ([TS]). so in particular V/(^) — 61 — 62. 

On the other hand we obviously have |i?| < L^^^^ \R\ < L^^SNi, and this implies 
the desired estimate if a < {L^^/Niy^^ , hence we may assume 

^max < ^la^, 
and since 6*12 > 2a it then follows by Lemma [2.21 that 

(22) imax« Ikol-leolhiVie?^. 

Note that 

SC{C. ICI^^i, 0i2>2a}n y S{t), 

ri<T<T2 

where ti < tq < T2 with T2 — ri ^ -^max ^^'^ 

5(r)=U: |C|<|eo-ei, /(0 = ^} 

is the left half of an ellipse [resp. the left branch of a hyperbola] if ±1 = ±2 
[resp. ±1 7^ ±2] with foci at and ^0 and center at £,o/2. Let us now switch to 
coordinates ^ = (^^, so that Co = (iCol 1 0). Note that the condition |C| < |Co — S,\ 
means that ^ lies in the halfplane to the left of the vertical line = |Co| /2 through 
the midpoint of the foci. The family of curves S{t) foliates this halfplane. 

We claim (this is proved below) that if we start at a point <^ in the halfplane 
< \£,o — £,\ and follow the integral curve of V/ out from this point, the angle 
6*12 will only increase as long as the integral curve stays in the halfplane. Note 
also that |V/| — |ei — e2| ^ 6*12. Therefore, if we start at a point ^ e S{t) with 
T S (ti, T2), and where 612 > 2a, then along the integral curve of V/ starting from 
this point we will have |V/| > a until we hit the outer boundary S(t2). Therefore 
we will hit the outer boundary after moving a distance d < L^^^^/a <C A^i. From 
this we conclude that S is contained in an e-neighborhood, where e ^ Ll^^^/a, of 
the convex curve 

Co = U: ICI^^i, 012 > 2a} n ^(t2). 
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Moreover, the neighborhood is tubular since, by the second inequahty in ([23| below, 
the minimal radius of curvature i?» of Co satisfies i?* }t Ni ^ e, where the last 
inequality holds since Ll^^^ ^ Nio^. 

Next we claim that the curvature k of Cq satisfies 

Granting this claim for the moment, we conclude that the maximal radius of curva- 
ture R* of Co satisfies R* < Ni/a. Then it follows that the intersection between a 
tubular e-neighborhood of the convex curve Co and the (5-thickened line {^: G /} 
has a diameter no larger than ^Jli^maJ^(S^, so from (|21l) we get 




a 



as desired. 

It remains to prove the two claims made above. Without loss of generality we 
assume ±i = +, so that /(C) = ICI i ICo ~ where the plus sign gives an ellipse 
and the minus sign a hyperbola. 

4.3.1. Proof of ([^5)1 . Assuming that S is nonempty, then in view of ([^^ we have 
that, for any r € (ti, T2), the major and minor semiaxes a and b of S{t) satisfy 

2a = |r| = IICI ± iCo - Clh ^2, 2b = \r' - |ColY^' ^ (A^iiV2)'/'^i2. 
Parametrize S{t) by = rcos6', = rsin6', where 9 = 9{^,£,o) and 

T = 

a =F c cos 9 ' 

where c = |Co| /2 ~ ^^2. Then (here the dots denote a ^-derivatives) 

+ 2p — rr\ 

K 



(^2 ^_ ^2)3/2 • 

Since r- = Ni and 6^ ~ NiN29j2, we conclude that a =F ccos0 ~ ^2^12- We 

then calculate 

6' . „ 

r = T-, 



(a =F c cos ( 



and 



hence 



Moreover, 



ZT2'=cos6l + — .2(csin6')^ 

(a=Fccos0)2 (aTccos^)'^ 



(a=Fccos0)3 6* 



q2 

^iV2Sin012 < V/;'o !' ^2gl2 



712 



{aTccos9)^"^"""'^ ~ (^20?2)'' 

where we used the fact that j^ol s>m9 = IC2I sin 6*12. Plugging these facts into the 
formula for k above, and recalling that 9i2 > a, we get the left inequality in (l23l) . 
To prove the right inequality we split into the cases 9i2 <C 1 and ^12 ~ 1. If 9i2 <C 1 
we have (since sin0i2 ~ ^12) \r\ ^ Ni/9i2 ^ r ^ Ni, hence k ^ 9i2/Ni. If 6*12 ^ 1, 
on the other hand, then we estimate k < N^/r^ ~ l/Ni. 
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4.3.2. Proof of the claim about integral curves. The claim is that if we start at a 
point ^ in the halfplane |<^| < |^o — ^| and follow the integral curve of V/ out from 
this point, the angle 0i2 will only increase as long as the integral curve stays in the 
halfplane. But |V/|^ = |ei — 62]^ = 2(1 — cos6'i2), so what we have to prove is that 
I V/l^ increases along the integral curves of V/, as long as |^| < — CI- Thus, it is 
enough to check that V ^|V/|^j • V/ > for \^\ < j^o ^ CI- But a direct calculation 
reveals that 

^ ico-cncr 



so the desired positivity is clear. 



5. Proof of the null form estimate 
Here we prove Theorem 12.31 By duality, write the estimate as 

\l/2 



(24) JJ uo^0^2{PR^T,(^uj}Ui,U2)dtdx < {rLiL2f 



""oil ll^^lll 11^211 , 



where Uj C ^ . for j = 1,2, and without loss of generality ?!} > for j = 0, 1, 2. 
By Lemma 

(25) l.h.s.dMl)^^] ^ [[u^{PM.TA^)ur')ul'^'dtdx, 

where < 7 < 1 is dyadic and uji,uj2 € ^^(7) with 37 < d{ijji,u!2) < I27. We claim 
that the following hold (these are proved below): 

/ r r \ 1/2 



(26) \\p^^^^^^^uT-^.ur'\\<(^^:^^ 



(27) ■ ul'^'W < 



7 

,1/2 



In the case 



< 7 < 7o = max 



7-12 xi/2 



max 



mm / mm , 



we apply ([271) if r > (N^-^L^^^)'^^'^ , otherwise, and we sum uji,lu2 as in (|T2|) . 
This gives the desired estimate since X)o<7<7o '^^ ^^o P > fl- 
it then remains to consider the case 

70 < 7 < 1- 

Now we use (pS)) . but to avoid a logarithmic loss when summing 7, we need to 
exploit some orthogonality in the bilinear interaction. To begin with, observe that 
since Ci S Tr{w) and |Ci| ^ Ni, we may assume (replacing uj by —oj if necessary) 
that 9{zti^i,uj) < r/Ni ^ 7, where the last inequality is due to 70 ^ 7. Moreover, 
0(±iCi,a;i) < 7, hence 9{uji,uj) < 3j/2, implying that uji € ^^(7) is essentially 
uniquely determined, hence so is W2- 
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Since 70 <^ 7, we have A^^InT^ ^ -^maxi ^i^d 87 < 9{uji,uj2) < I27 implies 
6*12 ^ 7, hence Lemma [2?2] gives 

r iV^i7' if ±1 = ±2, 
|f)o| = Ikol - l^oll < NiN2-f^ , , , 

In the case ±1 = ±2 we can therefore estimate the sum in (P5)) by an absolute 
constant times 

where 

7 iOl.iJ2 7 

o2 \ ^ \ ^ II 7,wi||2|| 7a;2||2 || ||2|| ||2 
-° ^ Ini II In2 II ~ ||^l|| ||"2|| ■ 

7 I^l:"2 

Here we used the observation that uji , uj2 are essentially uniquely determined to get 
the estimate for A^, and we used Lemma [2.41 to get the estimate for B^. The case 
±1 7^ ±2 works out the same way except that we use |()o| ^ ^\^o\^ ■ 

5.1. Proof of (|26)) — ((28)) . We need to bound \E\ by an absolute constant times, 
respectively, rLiL2/7^, iV^?„LiL2/7 and rN^^^L^^^, where E satisfies (fT4|) with 

i?={eeT^rH: lei^A^i, |6-CI~^2, 0(ei,c.i)<7, 0(e2,W2)<7} 

and 61,62 are defined as in p7|) . Then (|15p holds with / as in ([16]). Clearly, 
\R\ < rN^^^, proving (gH]). The estimate \E\ < N^.^LiL2/j follows as in the proof 
of (fT5|) . and this proves (|27p . So it remains to prove (1^51) . Let £^ £ R. We may 
assume r <C A^i7 (otherwise (|27p is better), hence (replacing a; by —u if necessary) 
^(ei,w) < r/A^i ^ 7, and since 6(61,62) > 7 it follows that 6{e2,uj) > ^7. Thus, 

V/(^) • cj = (ei — 62) • w = cos0(ei, w) — cos6'(62,i^) > cos ^7 — cos ^7 ^ 7^, 
so from (IT5|) we conclude that 



1^1 < Lll^,^\n^.{TAuj))\ < LZr.^'2 



max^ 



where tt^± is the projection onto wj^. This proves ([26]). 

6. Proof of the concentration/nonconcentration estimate 
Here we prove Theorem 12.41 By duality and Lemma [2^ we reduce to 



7 liJl,tiJ2 

< (rLiL2)^^^ ||mo|| ^sup ||P^^.^g/iWi||^ ||ii2|| 

where < 7 <C 1 is dyadic and a;i,a;2 G ^^(7) satisfy 87 < 9{uji,uj2) < I27. Since 
Li, L2 appear to the power 1/2 in the right hand side, we can assume that they are 
arbitrarily small, by dividing the thickened cones into thinner cones and summing 
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the resulting estimates using Cauchy-Schwarz (see Remark 4.1 in jSelOSj for more 
details). In particular, we can assume L2 ^ A^2, which will be needed at a certain 
point later on. 

Define 70 as in the previous section. For < 7 < 70, we argue as in the proof of 
Theorem 12. 3[ but instead of ((27|) and (|28| we use the estimates (proved below) 

(30) \\P^„.^eio (Pmxt.,m<"^ -^^r^)!! < {r\Io\Lil,f' Wuf-^W > 

(31) ||P,„.^e/„ {Pu.TA^)ur^-ur')\\ < i^M^y 11^7.-. II 11^7,-. II . 

If we also tile by the condition ^0 • G -^o, then we see that the part of ([29|) 
corresponding to < 7 < 70 is dominated by 

I1J2 



mm 



where /i,/2 belong to the almost disjoint cover of M by translates of Iq, and the 
sum is restricted by the condition (/i + 12) n /q 7^ 0, hence the sum is over a set of 
cardinality comparable to A^^'in/ l-^ol, and each I2 can interact with at most three 
different /I's. Thus, sup'ing over Ii and summing I2 using the Cauchy-Schwarz 
inequality, we get the bound in the right hand side of (P^)) . 

It remains to consider 70 ^ 7 ^ 1. Then we use the estimate (proved below) 



(33) ||p^„.^,,JP«,^^(^)^^^-^.«]'"^)||<('!j^) (sup||u(i)||«rl 



V 1' 



1/2 



II 



To avoid a logarithmic loss when summing 7, we repeat the argument from the end 
of section [SI with the difference that now 

i?^=(sup||.Mi)'5:5:ii.^— f. 

Since r <^ N^-^'f, we may assume ^(±1^1,0;) < r/Ni <^ 7, so uji,uj2 & ^(7) 
are essentially uniquely determined, and 9(lu2,uj) > (3/2)7, hence ^(±2^2,'^) ^ 7- 
Thus, 



7 1^1 ■.'^2 7 



so the argument at the end of section O goes through. 
It remains to prove the claimed estimates (PO)) . (PT|) and 

6.1. Proof of ^ and By Lemma [L^ it is enough to prove \E\ < r \Io\ Lj^^,^ 

and \E\ < \Iq\ L1L2/7, where E satisfies (fH)) with 

R={^eTr{u;):C-u;eIi, \^\ ^ N^, 0(ei,a;i)<7, 0(e2,t^2)<7} 

and Ii is a translate of /q. Trivially, < r |/o|, proving ([50]) . To prove (l5Tt . choose 
coordinates ^ = (^^,C^) so that wi = (1,0). Since 7 <C 1, it is clear that ei — 62 is 
roughly perpendicular to cji, hence \d2f \ = |(ei — 62) • (0, 1)| ^ |ei — 62] ^ 7. So 
using (jlSp and integrating next in the ^^-direction, we get 

7 7 

proving (PT|) . 
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6.2. Proof of (|33|) . To simplify the notation we shall write uj instead of Uj 
We want to prove that 



(34) ||P^o.^g/„ (U1M2)|| < C I^SUp Ul' \\\U2\ 

holds with ~ rLiL2/7^, where the supremum is over all translates /i of /q- Since 
r ^ .^m^n7' assume (replacing u by — w if necessary) that T^{oj) C T^{uii), 

where 

Thus, supper C [R X Tr{uj)] D K^Il^^^^^ and suppiij C i^^'^^^,^,^,- 
We shall make use of the following general facts: 

Lemma 6.1. ( |Sel08| .) Given cu e a compact interval Iq and 81,82 C R^+^, 
assume that for all ui,U2 G L^(M^+^) satisfying suppu} C 8j, 

(35) \\P^„.^^j,{uiU2)\\ < {A\I,\f^ \\ui\\\\u2h 

where A > is a constant. Assume further that there exist c? > 0, c G M and a 
compact interval J such that 

(36) d<\J\, 82CJxR^, 

(37) ^2 C {(r2,6) : -T2 + 6 • ^ = c + 0(d)} . 
Then ^ holds with A\J\. 

We also need: 

Lemma 6.2. ( |Sel08| .) Suppose UJ (z ^ , Iq is a compact interval, 81,82 C M 
and 81 C Ti, where Ti C IR"'^^^ is an approximate tiling set with the doubling 
property. If 

(38) |lP5„.^e/„(uiPT,U2)|| < Co (^sup||u(^||^ I|Pt.w2|1 

for all translates T2 ofTi, all translates Ii of Iq and all Ui,U2 € L^(IR^+^) satisfying 
supp Uj C 8j , then p4p also holds, with a constant C depending on Cq and the size 
of the overlap of the doubling cover by Ti . 

Finally, recalling the notation Hd{uj) = {(t, ^) : |— r + f • < d} for a thickened 
null hyperplane, we note the elementary fact that 

(39) i^^^,L,-y(w) C i?inax(L,Ar72)(w). 

We now apply the above lemmas to the specific situation that we are considering, 
namely 

8i^[Rx Triuj)] n 82 - if^:.L„7,.,. 

By ([201) and we know that holds with 

A - min (J^^,rLl^-^ 

By (HSl), 51 C Ti, where 

Ti = Hd{uj) n (R X Tr{uj)) d = ma.x{Li,Ni(j)^). 

Then Ti is an approximate tiling set with the doubling property, so Lemma 
allows us to replace 82 by 82 H T2 in Lemma l6.ll where T2 — (to,^o) + Ti for 
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some (ro,^o) e Clearly, ^ holds with S2 replaced by 82(^X2, and with 

c = — To + ^0 • SO it only remains to prove the existence of an interval J such that 
S'2 n T2 C J X M2 and 

|J|^max(^,^:|^)»d, 

where the last inequality holds by the definitions of d and (j) (recall that Nicj)^ ~ 
r(j) <C rj). The proof given in |Sel08j for the existence of J for the 3d case ap- 
plies also in 2d, however, with only the obvious modifications. (This is where the 
assumption L2 <C A'2 is used.) The proof of Theorem 12.41 is now complete. 

7. Proof of the estimate for thickened circles 
Here we prove Lemma |2.H i.e. 

\rRSA 



< 



-,1/2 



mm 



(40) |§lWnKo + Si (i?)]U I. 

for < (5 < r, < A < i? and ^0 e \ {0}. Choose coordinates ^ = {x, y) on 
so that ^0 = (161 , 0) ^ 0. Then ^ e S^r) n [Co + §a(-R)] if and only if 

{r-Sf <x^+y^ < (r + (5)2 

and 

{R-Af<{x-\^o\)^+y'<iR + Af. 
Subtracting these inequalities, we find that 

CG§,i(r)n[eo+SX(i?)] =^ xe{a,b), 



1 



where 



2IC0I 
1 



ICol' + r2 - i?2 + 52 _ ^2 _ 2{r6 + RA) 
ICol' + r^-R^ + S^~A^ + 2{rd + RA) 



2IC0I 

But b ~ a — 2{r6 + RA)/ j^olj and by symmetry we may assume that (5 < A, so 
applying Lemma 17.11 below, we complete the proof as follows: First, if 5r < i?A, 
then (gni) follows from (|4T]) in the lemma. Second, if 5r > RA, then r > R{A/5) > 
R, so Sj(r)n [Co +Sa(-^)] empty unless |Co| ^ r. But the latter implies b — a^S, 
hence (|40|) follows from (|42|) applied with {r,S) replaced by (i?. A). 
It then only remains to prove the following: 

Lemma 7.1. Let a.b gM. with a < b. and let < S r . Then 



(41) |§;^(r) n {e e : a < a; < &} I < 6y/r{b - a), 

(42) \Slir) n e : a < X < b}\ < {b - a)V^ 

Proof. Without loss of generality assume 0<a<b<r + 6. Wc split into the cases 
(i) b < r — S and (ii) r — 5<b<r + S. 

Set y* = y/{r + S)'^ - x^ and = ^(r - - x^. 

In case (i) we calculate the area as 

{V* - y*)dx / — dx / ——j^L=^=dx 



y* + y* J a y/ry/r + S 

(^\/ r + S — a — \/r + S — b^ ^ S^/r 



Vr + S- 
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But r + S — a > b — a, proving (I41|) . On the other hand, r + S — a > 26, since 
a < b < r — S, so we have proved also (|42|). 

In case (ii) we can set a = r — S, since the interval a<x<r — S is covered by 
case (i). Therefore, the area is 

/■fc i*b 

2 / y*dx ^ I ^fr\/r + (5 - xdx < / ^/rVSdx < VrS{b - a) < ^^yr{b -~ a). 

J a J a J a 

Here we used r — S<x<r + 5 and b — a < 26. □ 
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